In this paper we introduce a space with some additional topologies using filter bases and renew the definition of Riemann surfaces of algebraic functions. We then present a Galois correspondence between these Riemann surfaces and their deck transformation groups. We also extend the monodromy theorem to the case that the global analytic function possesses singularities, which can be non-isolated.
Introduction
Let us recall two points lying in algebra and complex analysis respectively. At first, it is known that the Galois correspondence theorem, which is called the fundamental theorem of Galois theory, is one of the most important results in modern algebra (refer to [9] , [14] , [21] and [25] , etc). The Galois correspondence and related issues have been extended to a number of cases, see e.g. [3] , [6] , [16] , [18] , [19] , [24] , [26] , [28] and [29] . Then, we look at algebraic functions and their Riemann surfaces. Algebraic functions are studied in both function theory and algebraic geometry. To deal with the trouble of multivaluedness of functions Riemann designed the "Riemann surface", which is a source of some modern mathematical branches. The theory of Riemann surfaces also provides a model for developments in many research areas in mathematics. There is a lot of literature in Riemann surfaces and algebraic functions, see [1] , [2] , [5] , [7] , [10] , [12] , [13] , [17] , [20] , [22] , [23] , [27] , [28] , [29] and [30] , etc.
Originally, a Riemann surface may be regarded as a covering space (surface) of the (extended) complex plane (or a part of it). We may consider the Galois correspondence in the case of covering spaces. In fact, there is a correspondence in covering spaces similar to the Galois correspondence in the classical Galois theory, see [11, 13d] , [15] and [16] (in [15] and [16] finite ramified coverings over Riemann surfaces were also considered). If we observe [10, Theorem (8.12 )], we may expect the Galois correspondence occurs between Riemann surfaces of algebraic functions and covering transformation groups, even in general infinite cases. However, branch points become a key problem.
In order to deal with branch points and multivaluedness of functions we employ filter bases. This idea is inspired by [31] and [32] and develops therefrom. About the notions of filters and filter bases, which were originated by H. Cartan, we refer to [4, §6 and §7 of Chapter I] and [8, Chapter X] . Using filter bases we introduce a space with some additional topologies, which we call a universal topological space (see Section 2) . By using neighborhoods in this space we can deal with branch points in a natural manner, which enables us to carry out algebraic operations of functions and germs freely. To this end, we study presheaves on a universal topological space in Section 2. In addition, we introduce some more general notions for the extension of the monodromy theorem.
In Section 3, we present a new version of the definition of Riemann surfaces of algebraic functions, where the notions of harmonious equivalence and up-harmonious equivalence are introduced. We also consider analytic continuations in more extensive senses and extend the monodromy theorem to the case that the global analytic function possesses singularities, which can be non-isolated.
Finally, in Section 4 we present a Galois correspondence between Riemann surfaces of algebraic functions (algebraic Riemann surfaces, see Subsection 3.4) and their deck transformation groups (Theorems 4.1 and 4.10), which may be regarded as a geometric version of the classical Galois correspondence.
2 A universal topological space 2.1 A perfect filterbase structure system and a universal topological space
We recall that a nonempty family B of subsets of a nonempty set X is a filter base precisely if B does not contain the empty set and the intersection of any two sets of B contains a set of B, see [4, §6.3 of Chapter I] and [8, Definition (2.1) in Chapter X]. Suppose B is a family of filter bases in the nonempty set X. Two filter bases B 1 and B 2 in B are said to be equivalent, denoted B 1 ∼ B 2 , if B 1 ⊢ B 2 and B 2 ⊢ B 1 , where "⊢" means "be subordinate to" (i.e. B 1 ⊢ B 2 precisely if for each B 2 ∈ B 2 there exists B 1 ∈ B 1 such that B 1 ⊆ B 2 , see [8, Definition (2.4) in Chapter X]). It is obvious that this really is an equivalence relation in B. The equivalence class of B is denoted B.
Suppose B 1 and B 2 are two families of filter bases in a (nonempty) set X. If for each B 2 ∈ B 2 there exists B 1 ∈ B 1 such that B 1 ⊢ B 2 (resp. B 1 ∼ B 2 ) then we say that B 1 is a (resp. an exact) refinement of B 2 . If B 1 and B 2 are (resp. exact) refinements of one another then we say that they are compatible (resp. equivalent), denoted B 1∼ B 2 (resp. B 1 ∼ B 2 ). Obviously both the exact refinement relation and the refinement relation of filterbase families are preorders and they are also partial orders if "=" means "∼" or "∼". Both the compatibility and the equivalence are equivalence relations and the equivalence implies the compatibility.
Suppose (X, T) is a (nonempty) topological space (T is the topology on X)
and B is a family of filter bases consisting of open subsets of X. Suppose for each x ∈ X there is precisely one filter base B ∈ B such that B → x ("→" means "converge to", i.e. B → x precisely if for any neighborhood U of x there exists B ∈ B such that B ⊆ U, see [8, Definition (2. 3) in Chapter X]), or if there is another filter base B ′ ∈ B such that B ′ → x then B ′ ∼ B. If B ∈ B does not converge to any points in X, then we consider that it converges to some "ideal points". Generally, it may be allowed that some filter bases (in B) converging in (X, T) also converge to ideal points (of course, the Hausdorff condition will remove this case). Here we consider that B ′ and B converge to the same ideal point(s) precisely if B ′ ∼ B. We also assume that if B ∈ B, B → x ∈ X, then x / ∈ B for any B ∈ B. We call the filterbase family B satisfying the above conditions a perfect filterbase structure system on (X, T).
Suppose B is a perfect filterbase structure system on X and I denotes the set of all ideal points of B. LetX := X ∪ I. Let Noticing every filter base B ∈ B consists of open subsets of X, it is easy to verify thatB is a basis for some topology onX. So we obtain a topology onX determined byB. We call this new topology the filterbase topology or Then it is easy to verify thatB is a basis for some topology on (set)X. Again we obtain a topology onX determined byB, which is called the essential topology onX and denotedŤ. We callB (resp.B(x)) a basic (open) essential neighborhood basis (resp. at x).
Generally, choose a subset A ofX containing the ideal point set I, which we call a partial point set (ofX). LetB A (x) be an open neighborhood basis at x in (X, T) for x ∈ X \A andB A (x) :=B(x) for x ∈ A. Then
is also a basis for some topology on (set)X. In this way we obtain a topology onX, determined byB A , which we call the mixed topology onX with the partial point set A or the A-mixed topology onX, denotedT(A), andB A (resp.B A (x)) is called an A-mixed neighborhood basis (resp. at x).
The spaceX, equipped with a filterbase topologyT, an essential topologyŤ and some mixed topologiesT(A), is called a universal topological space on (X, T) determined by B. The universal topological spaceX on (X, T) is also denoted (X, T;X,T). The set I is also called the ideal point set ofX.
We remark here that if A =X thenT(A) =T and if A = I thenT(A) =Ť. We also remark that for the topological space (X, T) we can obtain a number of filterbase topologies by different perfect filterbase structure systems on X (see e.g. Subsection 2.5). SupposeT 1 andT 2 are filterbase topologies determined by two perfect filterbase structure systems B 1 and B 2 on (X, T), respectively. If B 1∼ B 2 then it follows thatT 1 =T 2 (under some assumption on ideal points) and generally the two mixed topologiesT 1 (A) andT 2 (A) are the same. Therefore, the universal topological spaces (X, T;X,T 1 ) and (X, T;X,T 2 ) we obtain here are the same.
If the topological space (X,Ť) is Hausdorff, then we say that the universal topological spaceX is Hausdorff. Thus that (X, T;X,T) is Hausdorff implies that (X,T(A)) is Hausdorff and specially both (X, T) and (X,T) are also Hausdorff.
Let B(x) := {B : B ∈ B, where B ∈ B and B → x} for x ∈X. Clearly B(x) is a filter base. We call B(x) a basic (open) punctured partial neighborhood basis at x and set B ∈ B(x) a basic (open) punctured partial neighborhood of x (x ∈X). In the paper, we may also use the terminology deleted to replace the "punctured". Let Suppose (X, T;X,T) is a universal topological space determined by a perfect filterbase structure system B andŶ is a subset ofX. Suppose I 0 ⊆ X, I 1 := I∪I 0 (I is the ideal point set ofX), I
′ := I 1 ∩Ŷ and Y :=Ŷ \I ′ = ∅. We call (Y, T ′ ;Ŷ ,T ′ ) a universal topological subspace of (X, T;X,T), where T ′ := T ∩ Y and the partial topologyT ′ :=T ∩Ŷ are induced topologies, the A ′ -mixed topologiesT ′ (A ′ ) ofŶ are just the induced topologiesT(A 1 ) ∩Ŷ , where I 1 ⊆ A 1 ⊆X, A ′ = A 1 ∩Ŷ and T(A 1 ) is the A 1 -mixed topology ofX, and specially the essential topologyŤ ′ ofŶ is the induced topologyT(I 1 ) ∩Ŷ . The set I ′ is called the ideal point set ofŶ .
Usually we assume that B ∩ Y = ∅ for any B ∈ B(y), y ∈Ŷ (hence B Y (y) is a filter base) and one of the following two assumptions holds:
(1) (X,Ť) is Hausdorff;
Then B Y is a perfect filterbase structure system on (Y, T Y ) (T Y := T ∩ Y is the induced topology T ′ ), called the induced perfect filterbase structure system by B on Y . Thus, we obtain a universal topological space (Y, T Y ;Ŷ ,TŶ ) determined by B Y , which is just the universal topological subspace (Y, T ′ ;Ŷ ,T ′ ) (defined above) of (X, T;X,T) (cf. the proof of Theorem 2.1(4) below). IfŶ is an open subset of (X,T(I 1 )), then the subspace (Y,
is called an open set in (X, T;X,T).
Partial continuity, essential continuity and (exact) continuity
Suppose (X, T;X,T) and (Y, T ′ ;Ŷ ,T ′ ) are two universal topological spaces. Letf be a mapping fromŶ toX. The mappingf is said to be partially continuous (resp. at a point y ∈Ŷ ) iff :
is continuous (resp. at y ∈Ŷ ), whereŤ andŤ ′ are the essential topologies ofX andŶ respectively, then we say thatf :Ŷ →X is essentially continuous (resp. at y). Now supposef is partially continuous
is also continuous then we say that f :Ŷ →X is (exactly) continuous. Evidently the (exact) continuity off implies the essential continuity off .
Supposef :Ŷ →X is a bijective. It is called an essential (resp. a partial ) homeomorphism iff :
are homeomorphisms. The (exact) homeomorphism obviously implies the essential homeomorphism.
As for local homeomorphisms, we may consider partial localness, essential localness and exact localness respectively. Then we may further locally consider partial, essential and exact homeomorphisms, respectively. In this paper we define essential local homeomorphisms and (exact) local homeomorphisms as follows. Supposef :Ŷ →X is a mapping. It is called an essential local homeomorphism iff : (Ŷ ,Ť ′ ) → (X,Ť) is a local homeomorphism (Ť andŤ ′ are essential topologies onX andŶ respectively). It is called an (exact) local homeomorphism if for each point y ∈Ŷ there exists an open essential neighborhoodŇ of y (i.e. an open neighborhood of y in (Ŷ ,Ť)) such thatf (Ň) is an open essential neighborhood off (y) andf |Ň :Ň →f (Ň ) is an exact (i.e. partial and essential) homeomorphism. Obviously, the (exact) local homeomorphism implies the essential local homeomorphism.
LetX,Ŷ andẐ be universal topological spaces. It is evident that iff :Ŷ → X andĝ :Ẑ →Ŷ are (exactly) (resp. partially, essentially) continuous then f •ĝ :Ẑ →X is also (exactly) (resp. partially, essentially) continuous.
Covering maps and deck transformations
Suppose (X, T;X,T), (Y, T ′ ;Ŷ ,T ′ ) and (Z, T ′′ ;Ẑ,T ′′ ) are universal topological spaces. Supposep :Ŷ →X andq :Ẑ →X are essentially continuous mappings. For x ∈X, the setp −1 (x) is called the fiber ofp over x. A mappingf :Ẑ →Ŷ is called fiber-preserving ifp •f =q.
Suppose for every x ∈ X \p(Ŷ \Y ) there exists U ∈ T(x), where T(x) denotes the set of all open neighborhoods (i.e. the open neighborhood system) of x ∈ X in (X, T), and for every pointx ∈ (X\X) ∪p(Ŷ \Y ) there existsÛ ∈T(x) (the partial neighborhood system atx, i.e. the open neighborhood system atx in (X,T)) such thatp
are exact homeomorphisms, then p :Ŷ →X is called a (or an exact) covering map.
Letp :Ŷ →X be an exact (resp. essential) covering map. A fiber-preserving (exact) (resp. essential) homeomorphismf :Ŷ →Ŷ is called a (or an exact) (resp. an essential ) deck transformation ofp :Ŷ →X. We denote the set of all (exact) deck transformations ofp :Ŷ →X by Deck(Ŷp →X) or Deck(Ŷ/X). Then Deck(Ŷ/X) forms a group with operation the composition of mappings.
A universal topological space derived by a presheaf
Suppose (X, T;X,T) is a universal topological space with a basic open (resp. punctured) partial neighborhood basisB (resp. B). Suppose (F , ρ), where F = (F (U)) U ∈T , is a presheaf of some algebraic system on (X, T) (refer to [10, §6] 
ForÛ ∈T,Û = ∅, let U be the interior ofÛ \ I in (X, T) (I is the ideal point set). Such an open set U in (X, T) is not empty, called the body ofÛ and denotedÛ
• . IfÛ ∈T(x) (x ∈X), then the interior ofÛ\I\{x} in (X, T) is also a nonempty open set, which we call the (T-)open punctured partial neighborhood of x corresponding toÛ. Denote the set of all T-open punctured partial neighborhoods of x byT
• (x) and letT
for x ∈X, which is a disjoint union. In F (T • (x)) two elements g 1 ∈ F (V 1 ) and
It is easy to see that this really is an equivalence relation. The set
of all equivalence classes is called the punctured partial stalk of F at the point x ∈X and the equivalence class of g ∈ F (T • (x)) is called the punctured partial germ of g at x, denoted g x .
For x ∈ X we denote the (usual) germ of f ∈ F (U) at
(the open neighborhood system at the point x in (X, T)), f ∈ F (U) and V ∈T
• (x) such that f | V = g| V , then x is called a usual point of g x or g, f a usual element at x corresponding to g, g x a usual punctured partial germ and g usual at x. Denote f x := f | V x . Then f x = g x . In this case we say that g
By the condition of a perfect filterbase structure system on X we know that any U ∈ T is not a singleton. Now assume (X, T) is a T 1 space. For x ∈ X let • T(x) := {U \{x} : U ∈ T, x ∈ U}, which is the punctured open neighborhood system at the point x in (X, T), and
In F (
Easily we see that this is an equivalence relation. The set
of all equivalence classes is called the punctured stalk of F at x ∈X and the equiv-
, then x is called an unbranched point or a complete point of g x or g, f a complete element at x corresponding to g, g x unbranched or complete and g unbranched or complete at x. Denote f x := f | V x . Then f x = g x . In this case we say that g x and [f ]
Obviously, the usualness of g x implies its completeness. Remark 1. IfB(x) is a basis for T(x) at x ∈ X, then the punctured partial germ at x and the punctured germ at x are just the same.
If F is a presheaf of fields (resp. rings, vector spaces, etc), then the punctured partial stalkF x (x ∈X) and the punctured stalk
• F x (x ∈X) with the operation defined on punctured partial germs and punctured germs respectively, by means of the operation defined on representatives, are both fields (resp. rings, vector spaces, etc).
which are the disjoint unions of all the punctured partial stalks overX and all the punctured stalks over X, respectively. Let p :F −→X and
x be the set of all the complete punctured partial germs inF x (x ∈ X), which is called the complete (or unbranched ) punctured partial stalk of F at x. Let
which is the disjoint union of all the complete punctured partial stalks over X, and p :=p|
is also a projection. For nonemptyÛ ∈T with bodyÛ
• ∈ B is the nonempty body ofB. For f ∈ F (B), where B ∈ B(x) (x ∈X), definê
Then it is easy to verify thatN f (F (B))( f x ) is a filter base and
For nonempty U ∈ T, if there exists a point a ∈ U such that f ∈ F (U \{a}), then we denote f ∈ • F (U), or generally we may define
, where C is a discrete point set in U}.
(2.1)
is a filter base and
If for a common complete point x ∈ X of g 1 ∈ F (V 1 ) and g 2 ∈ F (V 2 ), where
• x , then the presheaf F is called consistent at x (on (X, T;X,T)). The presheaf is called consistent (on (X, T;X,T)) if it is consistent at all the complete points. and defineN
is an A-mixed neighborhood basis at x ∈X.
Theorem 2.1. Suppose (X, T;X,T) is a universal topological space with a basic open (resp. punctured ) partial neighborhood basisB (resp. B). Suppose F is a presheaf on (X, T). In (2), (3) and (4) below we also suppose (X, T) is a T 1 space and F is consistent. Then
) is a basis for a topology onF, and so isN(F ) for the same topology, denotedT(F ), and the projection
is a local homeomorphism.
, and the projection
is a local homeomorphism. 
) is a perfect filterbase structure system on (F • , T • (F )) and under some obvious assumption (F • , T • (F );F,T(F )) is a universal topological space determined by N(F (B)) with the basic (resp. punctured ) partial neighborhood basiŝ N(F (B)) (resp. N(F (B))). Moreover, the projection
is an exact local homeomorphism and hence an essential local homeomorphism.
Proof. (1) Obviously we havê
For α x ∈ B 1 , f 1 ∩ B 2 , f 2 , where α x denotes a punctured partial germ at x ∈X and B j , f j ∈N(F (B)) (j = 1, 2), there exists B , f ∈N(F (B)) such that
This follows from that f 1 | B = f 2 | B =: f for some basic punctured partial neighborhood B ∈ B(x) satisfyingB = B ∪{x} ⊆B 1 ∩B 2 . Therefore,N(F (B)) is a basis for a topology onF. Easily we can also show that N(F ) is a basis for the same topology.
For α x ∈F (x ∈X), there is B ∈ B(x) and f ∈ F (B) such that α x = f x . The mappingp | B ,f : B , f −→B, whereB = B ∪ {x}, is evidently a homeomorphism.
(2) It is easy to see that
where α x denotes a punctured partial germ at
(3) It is evident that
To proveN(F (B A )) is a topological basis we need to show this in three cases. We now consider the case that α x ∈ B , f 1 ∩ U, f 2 , where α x denotes a punctured partial germ at x ∈ X, x ∈ U, U ∈ T andB ∈B(x 1 ) (x 1 ∈ A). If x ∈ X \ A then x = x 1 . Hence x ∈ B ∩ U, where B =B \ {x 1 } ∈ B(x 1 ), and
Similarly we can show the other cases.
For α ∈F(A) there existsB A ∈B A (x) (x ∈X) and f ∈ F (B A ), where
(4) For α ∈F, there is x ∈X and f ∈ F (B), where B ∈ B(x), such that
in topologyT(F ) and if α ∈ F • then the above limit also holds in topology T • (F ). Now let α = f x ∈ F
• and assume
Hence V ⊆ U and g y = f y for each y ∈ V . So V, g| V = V, f | V . This implies that if both N g (F (B))( g x ) and N h (F (B))( h x ) converge to α in topology T
• (F ) then they are equivalent to one another. Similarly we see that if both N g (F (B))( g x ) and N h (F (B))( h x ) (x ∈X) converge to α ∈F in topologyT(F ) then they are also equivalent to one another. Assume the ideal points are just the incomplete punctured partial germs. Then N(F (B)) is a perfect filterbase structure system on (
) is a universal topological space determined by N(F (B)) with the basic (resp. punctured) partial neighborhood basisN(F (B)) (resp. N(F (B))).
Let α a ∈ F
• (a ∈ X) and α b ∈F (b ∈X). Then there exist f ∈
• F (U) and g ∈ F (B), where U ∈ T(a) and B ∈ B(b), such that α a = f a and α b = g b . It is easy to see that bothp
are (exact) homeomorphisms, whereB = B ∪ {b}.
We call the space (F • , T • (F );F,T(F )) in the above theorem the derived universal topological space over (X, T;X,T) by F .
A T 1 space (X, T) is called strongly locally connected if for any x ∈ X and U ∈ T(x) there exists V ∈ T(x) such that V ⊆ U and V \ {x} is a domain (nonempty connected open set). A universal topological space (X, T;X,T) is called locally connected if (X, T) is strongly locally connected and there exists a punctured partial neighborhood basis B 1 onX satisfying every set B in B 1 is connected in (X, T) (we say B 1 is connected ). Here B 1 may be different from the basic punctured partial neighborhood basis B ofX.
The uniqueness condition on a presheaf F on a universal topological space (X, T;X,T) means the following one: For every domain Y in (X, T), given any f , g ∈ F (Y ) and any a ∈X satisfying there exists B ∈ B(a) with B ⊆ Y , the equality f a = g a always implies f = g. Theorem 2.2. Suppose (X, T;X,T) is locally connected Hausdorff universal topological space and F is a presheaf on (X, T). If F satisfies the uniqueness condition onX, then both (F • , T • (F )) and (F,T(F )) are Hausdorff spaces, furthermore,
) is a Hausdorff universal topological space.
Proof. Since the local connectedness of the Hausdorff space (X, T;X,T) and the uniqueness condition on F imply that F is consistent onX, by Theorem 2.1 we know that (F • , T • (F );F,T(F )) is a universal topological space. In the following we prove the spaces are Hausdorff.
At first, suppose f x = g y , where x, y ∈X, f ∈ F (B 1 ), g ∈ F (B 2 ), B 1 ∈ B(x) and B 2 ∈ B(y) (B is a punctured partial neighborhood basis). If x = y, then there existÛ 1 ∈B(x) andÛ 2 ∈B(y) such thatÛ 1 ⊆ B 1 ∪ {x}, U 2 ⊆ B 2 ∪ {y} andÛ 1 ∩Û 2 = ∅ (B is the partial neighborhood basis corresponding to B). Clearly we have
If x = y, then by the local connectedness of (X, T;X,T) we may assume B is connected and there exists B ∈ B(x) such that B ⊆ B 1 ∩ B 2 . By the uniqueness condition we have
, since otherwise it follows that there exists a ∈B such that f a = g a , which implies f | B = g| B , so f x = g y (x = y), a contradiction. By the reasoning above we see that (F,T(F )) is Hausdorff.
If x = y, then by the local connectedness of (X, T;X,T), there exists V ∈ T(x) such that V ⊆ V 1 ∩ V 2 and V \{x} = ∅ is a domain in (X, T). By the uniqueness condition we have
This follows from that otherwise there exists a ∈ V such that f a = g a , which
is Hausdorff, we assume x ∈ X, y ∈X, x = y and f x = g y , where f ∈ F (U) (U ∈
T(x)) and g ∈ F (B) (B ∈ B(y), B is a connected punctured partial neighborhood basis). Then there exist
Recall
• F is the disjoint union of all the punctured stalks over X. Denote
for U ∈ T and f ∈
• F (U), and define
As a special case of Theorems 2.1 and 2.2 (refer to Remark 1) we have Theorem 2.3. Suppose (X, T) is a strongly locally connected Hausdorff topological space and F is a presheaf on (X, T) which satisfies the uniqueness condition. Then
• N(F ) is a basis for a topology on
is a Hausdorff space and the projection
Here the uniqueness condition on a presheaf F on a T 1 space (X, T) means:
• a , where f , g ∈ F (Y ) and a is any point in X satisfying Y \{a} is a punctured neighborhood of a, always implies f = g.
We can also directly prove Theorem 2.3 similarly to [10, Theorems (6.8) and (6.10)].
A porous universal topological space
Suppose X is a topological space. Let U be an open set and E a set in X. If for any nonempty domain D ⊆ U, the interior of D \ E is a nonempty subdomain of D and for any open subset G of U we have G ⊆ G \E (the closure of G \E), then we say that E is quasi-discrete in U and U \ E is porous corresponding to U. Here we also attach the following conditions: (1) if E 1 , E 2 and E are quasi-discrete in U then E 1 ∪ E 2 and all subsets of E are quasi-discrete in U; (2) every discrete subset of X is quasi-discrete.
If (X, T;X,T) is a Hausdorff universal topological space (i.e. (X,Ť) is Hausdorff) and (X, T) is T 3 (Hausdorff and regular), then we sayX is T 3 . Suppose (X, T;X,T) is a T 3 universal topological space with a basic punctured partial neighborhood basis B determined by a perfect filterbase structure system B. For B ∈ B, denote B po := {B \E : B ∈ B and E is closed and quasi-discrete in B} and
Then easily we see that B po is a filter base, which we call a porous filter base corresponding to B or B. Assume B po → x precisely if B → x for an ideal point x inX. Then B po is a perfect filterbase structure system on (X, T), which we call a perfect porous filterbase structure system corresponding to B. LetB po (x) (resp. B po (x)) be a basic (resp. punctured) partial neighborhood basis at x ∈X corresponding to B po . LetB
and
which are called the basic porous partial neighborhood basis and basic punctured porous partial neighborhood basis for (X, T;X,T), respectively. SupposeT po is the filterbase topology determined by B po . We callT po the porous filterbase topology or porous partial topology onX determined by B and (X,T po ) the porous partial toplogical space corresponding to (X,T). LetT •p (x) denote the set of all punctured open partial neighborhoods of x ∈X in (X,T po ) and letT
We callT
the punctured porous open partial neighborhood system (resp. at x) onX.
Similarly by the perfect porous filterbase structure system
in X, where
is the set of all punctured open neighborhoods of x ∈ X in (X, T)), we obtain a filterbase topology, denoted 
T(x).
We call
•p T(x)) the punctured porous open neighborhood system (resp. at x) on (X, T).
For a partial point set A (x)) is called an A-mixed punctured porous neighborhood basis (resp. at x) onX. DenoteŤ po :=T po (I), which is called the porous essential topology onX. We can also defineB po (x) (x ∈X) andB po in an obvious way to get the porous essential topologyŤ po . SinceX is assumed to be T 3 , we easily see that B po is a perfect filterbase structure system on (X, po T ) and (X, po T ;X,T po ) is a universal topological space determined by B po (with a basic (resp. punctured) open neighborhood basisB po (resp. B po )), which we call the porous universal topological space corresponding to (X, T;X,T). Clearly,T po (A) is a mixed topology of (X,
is the essential topology of (X, po T ;X,T po ). Suppose F is a presheaf of some algebraic system on (X, T). For U ∈ T let po F (U) := {f ∈ F (U \E) : E is a quasi-discrete closed subset of U}.
LetF po x be the punctured partial stalk of F at x ∈X in (X,T po ), called the punctured porous partial stalk of F at x ∈X in (X,T). Definê
is the punctured porous open partial neighborhood system at x). We call the punctured partial germ of g at x in (X,T po ) the punctured porous partial germ of g at x in (X,T),
For nonemptyÛ ∈T with bodyÛ
) is a filter base and
Suppose F is a presheaf on a T 1 space (X, T). Similarly to the punctured porous partial stalk and the punctured porous partial germ we can define the punctured porous stalk of F at x ∈ X in (X, T), denoted
•p F x , and the punctured
•p , which are the punctured porous partial stalk and the punctured porous partial germ corresponding to the perfect porous filterbase structure system T po (see (2.3)), respectively. Let
T(x) is the punctured porous open neighborhood system at x), then x is called a porously complete point of g po x or g, f a porously complete element corresponding to g at x, g po x porously complete and g porously complete at x (here we may also use the terminology unbranched to replace "complete"). In this case, we say that g po x and [f ]
•p
) and x ∈ X is a common porously complete point of g 1 and g 2 . Let f 1 and f 2 be porously complete elements corresponding to g 1 and g 2 at x, respectively. If
•p x , then the presheaf F is called porously consistent at x (onX). If F is porously consistent at all the porously complete points then we say that F is porously consistent (onX). Letp :F po −→X and
x be the set of all complete punctured porous partial germs inF po x (x ∈ X), which is called the complete (or unbranched ) punctured porous partial stalk of F at x. Let
and p :=p|
We can obtain the following results corresponding to Theorems 2.1, 2.2 and 2.3 by similar reasoning to the proofs of the theorems, respectively.
Theorem 2.1
′ . Suppose (X, T;X,T) is a T 3 universal topological space with a basic open (resp. punctured ) partial neighborhood basisB (resp. B). Suppose F is a presheaf on (X, T). In (2), (3) and (4) below, we also suppose F is porously consistent. Then
) is a basis for a topology onF po , and so isN po (F ) for the same topology, denotedT po (F ), and the projection
) with the basic (resp. punctured ) partial neighborhood basisN po (F (B)) (resp. N po (F (B))). Moreover, the projection
We call the space (
in the above theorem the derived porous universal topological space over (X, T;X,T) by F .
Suppose F is a presheaf on (X, T) and
, where E is a discrete subset of Y , then we say that f is permissibly equal to g, denoted f ′ . Suppose (X, T;X,T) is a locally connected T 3 universal topological space and F is a presheaf on (X, T). If F satisfies the porous uniqueness condition onX, then both (
For nonempty U ∈ T and f ∈ po F (U) we denote
x : x ∈ U} and define
is a strongly locally connected T 3 topological space and F is a presheaf on (X, T) which satisfies the porous uniqueness condition.
The porous uniqueness condition in Theorem 2.
a , where f , g ∈ po F (Y ) and a is any point in X satisfying Y \{a} is a punctured neighborhood of a, always implies f po = g.
In the following we present a general case. Suppose (X, T;X,T) is a T 3 universal topological space and P is a subset ofX. Let U be an open set in (X, T) and E a set in X. If E is a quasi-discrete in U and for x ∈X \P there exists a punctured neighborhood
we say that E is P-quasi-discrete in U and U \E is P-porous corresponding to U. We call P a porous point set.
If we use P-quasi-discrete (resp. P-porous) sets to replace quasi-discrete (resp. porous) sets in the preceding part of this subsection, then we can get corresponding notions and results. What we need to do is just to replace "quasi", "porous(ly)", "po" and "•p" by "P-quasi", "P-porous(ly)", "P" and "•P", respectively. For instance, we have a P-porous filter base B P := {B \E : B ∈ B and E is closed and P-quasi-discrete in B}, a perfect P-porous filterbase structure system (in X corresponding to a perfect filterbase structure system B)
the basic (resp. punctured ) P-porous partial neighborhood basisB P (resp. B P ) (on (X, T;X,T)), the P-porous filterbase topologyT P , the P-porous universal topological space (X, P T;X,T P ) (corresponding to (X, T;X,T)), and so on. We list some other notations as follows:
•P
x (here [f ]
x is assumed to be [f ]
x for x ∈ P),
Remark 2. In the P-porous case, the results corresponding to Theorems 2. At the end of this section, we remark that in natural ways we may define the following equivalences: ϕ x ∼ ψ x , where ϕ x and ψ x are chosen from
x , g x , g po x }, respectively. Specially if ϕ x and ψ x are the same kind of germs then ϕ x ∼ ψ x means ϕ x = ψ x . Some of the equivalences have been defined in the preceding paragraphs and here as another example we define [f ]
•p x ∼ g x as follows: Suppose f ∈ F (
•p x and g x are equivalent. If necessary, we may regard two equivalent germs as the same.
3
Algebraic functions and Riemann surfaces
A basic Riemann surface
Suppose X is a Riemann surface (in the usual sense, see e.g. [7] , [10] and [30] , which we will call a traditional Riemann surface later) and T is its topology. Now we choose a perfect filterbase structure system B, whose elements consist of domains (usually simply connected ones), and then obtain a universal topological space (X, T;X,T), which we call a basic Riemann surface. Here we also assumê X is Hausdorff (i.e. (X,Ť) is Hausdorff).
We recall the notion of a universal topological subspace defined in the end of Subsection 2. ′ ;Ŷ ,T ′ ) is also a basic Riemann surface, which we call a basic (Riemann) subsurface of the basic Riemann surface (X, T;X,T). This kind of subsurface is similar to a domain in a traditional Riemann surface. So generally the propositions which hold on a basic Riemann surface are also true on "domains" in a basic Riemann surface. Let H x denote the set of all kinds of germs of H at x ∈X, i.e.
Analytic continuation
x for x ∈ I. Suppose P ⊆X. LetĤ 
x for x ∈ P and f P x := f x for x ∈X \ P, then we say that ϕ b is a P-porous (analytic) continuation of ϕ a along u in (X,T(A)) or that ϕ b is a P-porous A-analytic continuation (or P-porous A-continuation) of ϕ a along u. Corresponding to P = ∅ (resp. P = X) the continuation is called an (resp. a porous) A-analytic continuation (or A-continuation). The (resp. P-porous, porous) I-continuation is also called an (resp. a P-porous, a porous) essential (analytic) continuation. If the patial point set I = ∅ then essential curves and essential analytic continuations are curves and analytic continuations in the usual sense, respectively. It is obvious that the (P-porous) A-continuation implies the porous A-continuation.
Easily we see that ϕ b is a P-porous A-continuation of ϕ a along u if and only if the following holds: There exist a partition 0 = t 0 < t 1 < · · · < t n = 1 of [0, 1], domains U j in (X,T(A)) with u([t j−1 , t j ]) ⊆ U j and f j ∈ H(U j \ E j ) (E j is a P-quasi-discrete and closed in U j , j = 1, 2, . . . , n) such that f 1 We consider a traditional Riemann surface (X, T) as a basic Riemann surface (X, T; X, T) (i.e. the ideal point set I = ∅). Then Theorem 3.2 implies For a traditional Riemann surface (X, T), suppose S is a quasi-discrete closed subset of (X, T). We call F ∈ H(X \ S) an analytic function in X with the singularities S. If a ∈ S is a removable singularity of F then we also say F is analytic at a. By Corollary 1 we have Corollary 2. Suppose (X, T) is a simply connected (traditional ) Riemann surface. Suppose S is a quasi-discrete closed subset of X. Let a ∈ X and ϕ a ∈ H a (=
If ϕ a admits a porous continuation along every curve u starting at a to some ϕ b ∈ H b (b ∈ X is the end point of u) and ϕ b is equivalent to a usual germ for every b ∈ X\S, then there exists a unique analytic function F in X with the singularities S such that [F ]
Harmonious equivalences and up-harmonious equivalences
Let X and Y be sets and let λ : Y → X, y → x be a surjection. We consider pairs (X, x) and (Y, y), where x ∈ X (resp. y ∈ Y ) is a variable which traverses all elements in X (resp. Y ). We say that (X,
Suppose X and Y are topological spaces. If further the surjection λ : Y → X is continuous then we say that (X, x) is continuously up-harmonious with (Y, y) modulo λ, where λ is called a continuously up-harmonious mapping and if λ is a homeomorphism then (X, x) and (Y, y) are said to be continuously harmonious (with one another) modulo λ, where λ is called a continuously harmonious mapping.
In the case that X and Y are traditional Riemann surfaces and the surjection λ : Y → X is analytic, we say that (X, x) is analytically up-harmonious with (Y, y) modulo λ, where λ is called an analytically up-harmonious mapping. If λ is biholomorphic then (X, x) and (Y, y) are said to be analytically harmonious (with one another) modulo λ, where λ is called an analytically harmonious mapping.
Now suppose (X, T;X,T) and (Y, T ′ ;Ŷ ,T ′ ) are two basic Riemann surfaces andλ :Ŷ →X is a surjection satisfyingλ(Y ) ⊆ X and (λ(Y ), T|λ (Y ) ;X,T) is a subsurface of (X, T;X,T). We say that (X, T;X,T; x) (simply denoted (X, x), x ∈ X) is analytically up-harmonious with (Y,
is analytically up-harmonious with (Y, y) moduloλ| Y and ((X,T), x) is continuously up-harmonious with ((Ŷ ,T ′ ), y) moduloλ, wherê λ is called an analytically up-harmonious mapping. Here we use the notation "(X, x)λ (Ŷ , y)" (or "(Ŷ , y)λ (X, x)") rather than "(Ŷ , y)λ (X, x)" because we consider that (X, x) may be "pasted into" (Ŷ , y) byλ. Usually we assumê λ| Y : Y →λ(Y ) is an unbranched covering. If moreoverλ| Y : Y → X is biholomorphic andλ :Ŷ →X is homeomorphic, then we say that (X, x) and (Ŷ , y) are analytically harmonious (with one another) moduloλ, denoted (X, x)λ ↔ (Ŷ , y), whereλ is called an analytically harmonious mapping.
Consider a family X of pairs (X, x), whereX is a basic Riemann surface and x ∈X. SupposeΛ is a set consisting of some analytic up-harmonious mappings, which satisfies that idX ∈Λ for all pairs (X, x) ∈ X (here id A denotes the identity mapping from set A to itself) and that if (X, x)λ 1 (Ŷ , y), (Ŷ , y)λ 2 (Ẑ, z) and λ 1 ,λ 2 ∈Λ thenλ 1 •λ 2 ∈Λ. Then we callΛ an analytically up-harmonious relation in X. If for two pairs (X, x), (Ŷ , y) ∈ X there isλ ∈Λ such that (X, x)λ (Ŷ , y), then we say that (X, x) is analytically up-harmonious with (Ŷ , y) moduloΛ, denoted (X, x)Λ (Ŷ , y). Let
If (X, x)λ ↔ (Ŷ , y) for someλ ∈Λ 0 then we say that (X, x) and (Ŷ , y) are analytically harmonious (with one another) moduloΛ 0 , denoted (X, x)Λ 0 ↔ (Ŷ , y), whereΛ 0 is called an analytically harmonious (equivalence) relation. We may attach additional conditions to the analytically (up-)harmonious relation (in the next subsection we add the base-preserving condition).
For Y ⊆ X we define the analytically up-harmonious class (of Y)
If there is an element (Ŷ , y) ∈ Y such that for all (X, x) ∈ Y we have (X, x)Λ (Ŷ , y), then we call (Ŷ , y) a holographic element of Y.
When we emphasize the surfaceX in the pair (X, x), we writeX(x) instead of (X, x). We can define similar notions to the above for sets, topological spaces and traditional Riemann surfaces, respectively.
Algebraic Riemann surfaces
Suppose (X, T;X,T) is a universal topological space and I is the set of all ideal points. Suppose there is a partition I = j∈J I j of I, where I j = {x jk : k = 1, . . . , k j } (k j (j ∈ J) are positive integers), and a topological space (X,T) such thatX = X ∪Ī, where X ∩Ī = ∅,Ī = {x j : j ∈ J},T| X = T and for every neighborhood N(x j ) ofx j in (X,T) (j ∈ J) there exist punctured partial neighborhoodŝ
Then we say that (X,T) is a tied space corresponding to (X, T;X,T) and (X, T;X,T) is an untied space corresponding to (X,T). In this case we may write (X, T;X,T;X,T), or simply (X,X). Denote (X,X) byẊ, which we call a universal topological space with a tied space.
Suppose (X, T;X,T) is a basic Riemann surface and a mappingf : (X,Ť) →Ĉ is continuous, whereŤ is the essential topology ofX andĈ = C ∪ {∞} denotes the extended complex plane. Iff | X is meromorphic then we callf (essentially) para-meromorphic onX. Iff (X) ⊆ C andf | X is holomorphic then we callf (essentially) para-holomorphic onX. If there exists a traditional Riemann surface (X,T), which is a tied space corresponding toX (we always assumeX has a uniform complex structure with X), and a meromorphic (resp. holomorphic) functionf onX such thatf | X =f | X , then we callḟ := (f ,f ) orf (essentially) meromorphic (resp. (essentially) holomorphic) onẊ = (X,X) orX. Definė f |X :=f andḟ |X :=f . We denote the set of all para-meromorphic (resp. paraholomorphic) functions onX byM(X) (resp.H(X)) and the set of all meromorphic (resp. holomorphic) functions onẊ by M(Ẋ) (resp. H(Ẋ)). Denote M(X) := {ḟ |X :ḟ ∈ M(Ẋ)} and H(X) := {ḟ |X :ḟ ∈ H(Ẋ)}. Forḟ = (f ,f ), g = (ĝ,ḡ) ∈ M(Ẋ) we defineḟ +ġ := (f +ĝ,f +ḡ) andḟ ·ġ := (f ·ĝ,f ·ḡ).
Suppose (X, T;X,T) and (Y, T ′ ;Ŷ ,T ′ ) are basic Riemann surfaces and a mappingf : (Ŷ ,Ť ′ ) → (X,Ť) is continuous, whereŤ andŤ ′ are the essential topologies ofX andŶ respectively. Iff (Y ) ⊆ X andf | Y : Y → X is holomorphic then we callf :Ŷ →X essentially para-holomorphic. Iff :Ŷ →X is essentially paraholomorphic and partially continuous, then we callf (exactly) para-holomorphic. A mappingf :Ŷ →X is called (exactly) (resp. essentially) para-biholomorphic if it is bijective and bothf :Ŷ →X andf −1 :X →Ŷ are (exactly) (resp. essentially) para-holomorphic.
Supposef :Ŷ →X is an essentially para-holomorphic mapping. If there exist Riemann surfaces (X,T) and (Ȳ ,T ′ ), which are tied spaces corresponding toX andŶ respectively, and a holomorphic mappingf :Ȳ →X such thatf | Y =f | Y , then we say thatḟ = (f ,f ) is essentially holomorphic fromẎ toẊ andf :Ŷ →X is essentially holomorphic. Defineḟ |Ŷ :=f andḟ |Ȳ :=f . Iff :Ŷ →X is essentially holomorphic and partially continuous, then we callf andḟ (exactly) holomorphic. A mappingḟ = (f ,f ) :Ẏ →Ẋ is called (exactly) (resp. essentially) biholomorphic if it is bijective (i.e. bothf andf are bijective) and bothḟ :Ẏ →Ẋ andḟ −1 := (f −1 ,f −1 ) :Ẋ →Ẏ are (exactly) (resp. essentially) holomorphic. Ifḟ :Ẏ →Ẋ is (exactly) (resp. essentially) biholomorphic then we also saŷ f :Ŷ →X is (exactly) (resp. essentially) biholomorphic.
Denote the set of all (resp. essentially) para-holomorphic mappings fromŶ toX byĤ(Ŷ →X) (resp.H(Ŷ →X)). Denote the set of all (resp. essentially) holomorphic mappings fromẎ toẊ by H(Ẏ →Ẋ) (resp.Ȟ(Ẏ →Ẋ)). Denote H(Ŷ →X) := {ḟ |Ŷ :ḟ ∈ H(Ẏ →Ẋ)} andȞ(Ŷ →X) := {ḟ |Ŷ :ḟ ∈Ȟ(Ẏ →Ẋ)}. 
It is easy to see thatf ∈H(Ŷ →X) andĝ ∈H(Ẑ →Ŷ
) implyf •ĝ ∈H(Ẑ →X), thatf ∈Ĥ(Ŷ →X) andĝ ∈Ĥ(Ẑ →Ŷ ) implyf •ĝ ∈Ĥ(Ẑ →X), thatḟ ∈Ȟ(Ẏ → X) andġ ∈Ȟ(Ż →Ẏ ) implyḟ •ġ ∈Ȟ(Ż →Ẋ) and thatḟ ∈ H(Ẏ →Ẋ) anḋ g ∈ H(Ż →Ẏ ) implyḟ •ġ ∈ H(Ż →Ẋ) (ḟ •ġ := (f •ĝ,f •ḡ)). Specially, we know thatf ∈M(X) (resp.H(X)) andĝ ∈H(Ŷ →X) implyf •ĝ ∈M(Ŷ ) (resp. H(Ŷ )) and thatḟ ∈ M(Ẋ) (resp. H(Ẋ)) andġ ∈Ȟ(Ẏ →Ẋ) implyḟ •ġ ∈ M(Ẏ ) (resp. H(Ẏ )).
Suppose (X, T;X,T) and (Y, T
′ ;Ŷ ,T ′ ) are basic Riemann surfaces andf :Ŷ → X is an essentially para-holomorphic mapping. Let
is a ring homomorphism. Ifḟ ∈Ȟ(Ẏ →Ẋ) theṅ
are ring homomorphisms. Suppose (R, T 0 ;R,T 0 ) is a basic Riemann surface withR = R (equal as sets, i.e. the ideal point set I = ∅ and soR = R). Suppose (X, T;X,T) is a basic Riemann surface and (X,T) is a traditional Riemann surface which is a tied space corresponding toX. Supposeλ = (λ,λ) :Ẋ →Ṙ is a holomorphic mapping such that (R, r)λ (X, x) (Ṙ = (R,R) andẊ = (X,X)). Theṅ
is a ring monomorphism. Defineḣ
(Ẋ). Then M(Ẋ) is a vector space over M(Ṙ).
We also considerḣ ∈ M(Ṙ) asλ * ḣ =ḣ •λ and then consider M(Ṙ) as a subfield of the field M(Ẋ). So M(R) is a subfield of M(X) and M(X). Consequently and similarly, the punctured partial stalk MX , x of the sheaf M of meromorphic functions onX at x ∈X is also a vector space over M(R) by defining h · ĝ x := (h •λ) ·ĝ x for h ∈ M(R) and ĝ x ∈ MX , x , and we may also consider M(R) as a subfield of MX , x .
Letf :Ŷ →X be para-holomorphic. Suppose for y ∈Ŷ withf (y) = x ∈X there exists a punctured partial neighborhoodN be the inverse off * .
Supposep ∈H(Ŷ →X),p ∈ H(Ȳ →X) (the set of all holomorphic mappings fromȲ toX),P (t) =ĉ
, where M(X) denotes the set of all meromorphic functions onX. Define (p * P )(t) := (p * ĉ
and (p * P )(t) := (p * c
, where we may writeṖ (t) = (P (t),P (t)) and denoteṖ |Ŷ :=P andṖ |Ȳ :=P . Define
which is in M(Ẏ ) [t] . Ifp :Ŷ →X is a (resp. an essentially) holomorphic (nsheeted) covering map andp :Ȳ →X is a branched holomorphic (n-sheeted) covering map, then we say thatṗ :Ẏ →Ẋ is a (or an exactly) (resp. an essentially) holomorphic (n-sheeted ) covering map.
Remark 4. Supposeḟ := (f ,f ) is meromorphic onẎ = (Ŷ ,Ȳ ). Then (p * P )(f ) = 0 if and only if (p * P )(f ) = 0. In this case, (ṗ * Ṗ )(ḟ ) = ((p * P )(f ), (p * P )(f )) = 0.
Theorem 3.3. Suppose (R, T 0 ;R,T 0 ) is a basic Riemann surface determined by a perfect filterbase structure system B whose elements consist of simply connected domains withR = R and P (t) ∈ M(R)[t] is an irreducible monic polynomial of degree n (hereP (t) =P (t) = P (t)). Then there exists a basic Riemann surfacė S = (S, T;Ŝ,T;S,T), a holomorphic n-sheeted covering mapṗ :Ṡ →Ṙ and a meromorphic functionḞ ∈ M(Ṡ) such that (ṗ * Ṗ )(Ḟ ) = 0. We callḞ a basic algebraic function overṘ (orR or R) with domainṠ = (Ŝ,S), denoted by (Ṡ,ṗ,Ḟ ). If (Ż,q,Ġ) has the corresponding properties, then there exists exactly one fiber-preserving biholomorphic mappingσ :Ż →Ṡ (i.e.ṗ •σ =q) such thaṫ G =σ * Ḟ .
Proof. Let H be the sheaf of holomorphic functions on R. Then by Theorems 2.1 and 2.2 we obtain a Hausdorff universal topological space (H .9)] we can obtain a traditional Riemann surfaceS, which is a tied space corresponding toŜ, andF ∈ M(S) with (p * P )(F ) = 0 andF | S =F | S , where the projectionp :S → R is a branched holomorphic n-sheeted covering map withp| S =p| S . HenceḞ := (F ,F ) ∈ M(Ṡ) andṗ := (p,p) ∈ H(Ṡ →Ṙ), whereṠ = (Ŝ,S).
For z ∈Ẑ letq(z) = r andφ :=q * Ĝz , whereĜ =Ġ|Ẑ andĜ z denotes the partial germ ofĜ at z. ThenP (φ) = 0. Henceφ ∈Ŝ andp(φ) = r. Definê σ :Ẑ →Ŷ byσ(z) =φ (z ∈Ẑ). Thenσ is fiber-preserving andĜ =σ * F . Easily we see thatσ is continuous. According to the reasoning in [10, Theorem (8.9) ], σ| Z can be extended to a fiber-preserving biholomorphic mappingσ :Z →Ȳ such thatσ| Z =σ| Z andḠ =σ * F . Letσ = (σ,σ). It is also easy to see thatσ is bijective andσ −1 is continuous. Therefore,σ is biholomorphic. Obviously we haveĠ =σ * Ḟ and the mappingσ is uniquely determined by this relation.
We callŻ = (Ẑ,Z) (orẐ) in Theorem 3.3 a basic algebraic Riemann surface overR (or R) andṠ = (Ŝ,S) (orŜ) in the proof of Theorem 3.3 the original basic algebraic Riemann surface overR (or R) (determined byP (t)). We callĠ (orĜ) (resp.Ḟ (orF )) in (resp. the proof of) Theorem 3.3 a (resp. the original ) basic function onŻ (orẐ) (resp. onṠ (orŜ)). We callR a base surface. The holomorphic covering mapsq andṗ in Theorem 3.3 and its proof are called canonical or natural projections.
SupposeŻ 1 andŻ 2 are basic algebraic Riemann surfaces over a base surfaceR and supposeṗ 1 andṗ 2 are canonical projections fromŻ 1 andŻ 2 toṘ = (R,R), respectively. Then a mappingλ = (λ,λ) :Ż 2 →Ż 1 (resp.λ,λ) satisfyinġ p 1 •λ =ṗ 2 (resp.p 1 •λ =p 2 ,p 1 •λ =p 2 ) is said to be base-preserving.
Remark 5. The topological space (Ẑ,Ť ′ ) in Theorem 3.3, whereŤ ′ is the essential topology ofẐ, is connected and path-connected. Therefore, by Lemma 3.1 we see that any two punctured partial germs in the original basic algebraic Riemann surfaceŜ are analytic continuations along some curve in R from one another. Suppose (R, T 0 ;R,T 0 ) is a base surface withR = R. Letφ ∈Ĥ be a punctured partial germ satisfying P (φ) = 0, where P (t) ∈ M(R)[t] is an irreducible monic polynomial of degree n (called the minimal polynomial ofφ in M(R) or inR). Hereφ is called an algebraic punctured partial germ of degree n onR. We call basic algebraic Riemann surfaces and the original basic algebraic Riemann surface determined by P (t) basic algebraic Riemann surfaces and the original basic algebraic Riemann surface determined byφ, respectively.
By [10, Theorem (8.12) ] (refer to its proof) we have Let (Ṡ 1 , ξ 1 ), (Ṡ 2 , ξ 2 ) ∈ A 0 (ξ). We say that (Ṡ 1 , ξ 1 ) is directly up-harmonious with (Ṡ 2 , ξ 2 ) if there is a polynomial Q(t) ∈ M(R) [t] such that ξ 1 = Q(ξ 2 ) and ξ 1 ) and (Ṡ 2 , ξ 2 ) are directly up-harmonious with one another then we say that they are directly harmonious (with one another), denoted (Ṡ 1 , ξ 1 )↔(Ṡ 2 , ξ 2 ). Let (Ż 1 , ζ 1 ), (Ż 2 , ζ 2 ) ∈ A(ζ). If there exists a holomorphic base-preserving surjectionλ :Ż 2 →Ż 1 withλ(ζ 2 ) = ζ 1 then we say that (Ż 1 , ζ 1 ) is analytically up-harmonious with (Ż 2 , ζ 2 ) moduloλ (orλ), denoted (Ż 1 , ζ 1 )˙λ (Ż 2 , ζ 2 ), whereλ andλ are called analytically upharmonious mappings. If furtherλ is biholomorphic, then we say that (Ż 1 , ζ 1 ) and (Ż 2 , ζ 2 ) are analytically harmonious (with one another) moduloλ (orλ), denoted (Ż 1 , ζ 1 )˙λ ↔ (Ż 2 , ζ 2 ), whereλ andλ are called analytically harmonious mappings.
is analytically upharmonious with (Ṡ 2 , ξ 2 ) moduloλ if and only if (Ṡ 1 , ξ 1 ) is directly up-harmonious with (Ṡ 2 , ξ 2 ). In this case,λ :Ṡ 2 →Ṡ 1 is a holomorphic covering map (i.e. λ :Ŝ 2 →Ŝ 1 is an exact covering map andλ :S 2 →S 1 is a holomorphic branched covering map).
Proof. Supposeλ = (λ,λ) is the analytically up-harmonious mapping fromṠ 2 = (Ŝ 2 ,S 2 ) toṠ 1 = (Ŝ 1 ,S 1 ). Suppose ξ 1 ∈Ŝ 1 , ξ 2 ∈Ŝ 2 and ξ 1 =λ(ξ 2 ). Then there exists a punctured partial neighborhood V of r =p 1 (ξ 1 ) inR (if necessary we will shrink V ), whereṗ 1 = (p 1 ,p 1 ) is the canonical projection fromṠ 1 toṘ, and f 1 , f 2 ∈ H(V ) such that ξ 1 = f 1 r and ξ 2 = f 2 r . SupposeḞ 1 = (F 1 ,F 1 ) andḞ 2 = (F 2 ,F 2 ) are the original basic functions onṠ 1 andṠ 2 , respectively. Then by Lemma 3.4, there exists a polynomial
. Sinceλ is base-preserving and partially continuous, we havē λ( f 2 r ′ ) = f 1 r ′ for r ′ ∈ V . Therefore, it follows that
Then we get
Suppose there is a polynomial Q(t) ∈ M(R) [t] such that ξ 1 = Q(ξ 2 ), where ξ 1 and ξ 2 travel around the wholeŜ 1 andŜ 2 , respectively and correspondingly. Supposeλ :Ṡ 2 →Ṡ 1 is defined byλ(ξ 2 ) := Q(ξ 2 ) for ξ 2 ∈Ŝ 2 ,λ(ξ 2 ) := Q(ξ 2 ) for ξ 2 ∈ S 2 =S 2 ∩Ŝ 2 and for ξ 2 ∈S 2 \S 2 we continuously continueλ onS 2 . Then λ :Ŝ 2 →Ŝ 1 is an exact covering map andλ :S 2 →S 1 is a proper holomorphic map (cf. [10, Theorems (8.4) and (8.9)]).
From Proposition 3.5 it follows
Corollary. Let (Ṡ 1 , ξ 1 ), (Ṡ 2 , ξ 2 ) ∈ A 0 (ξ). Then (Ṡ 1 , ξ 1 ) and (Ṡ 2 , ξ 2 ) are analytically harmonious if and only if they are directly harmonious.
SupposeR is a base surface. Fix a point r 0 inR, which we call a base point inR. Letφ ∈Ĥ r 0 be an algebraic punctured partial germ at r 0 onR and letṠ be the original basic algebraic Riemann surface determined byφ. In order to make the difference, we put a "label"φ onṠ and call (φ;Ṡ) an original basic algebraic Riemann surface with label (or tag)φ, denoted byS. We sayφ is the (resp. a) natural label ofS (resp.Ṡ). The original basic functionḞ (orF ) onṠ is also considered as the original basic function onS. LetS 1 = (φ 1 ;Ṡ 1 ) andS 2 = (φ 2 ;Ṡ 2 ) be original basic algebraic Riemann surfaces with natural labels. Then we consider that (S 1 , ξ 1 ))λ (S 2 , ξ 2 ) precisely ifφ 1 =λ(φ 2 ) (refer to Lemma 3.6 below).
Remark 6. By Lemma 3.1 (refer to Remark 5) we can continue the labelφ along curves in (R, T(A)), where A is the set of branch points of the minimal polynomial ofφ in M(R) [t] , to getŜ.
In order to give a label toŻ ∈ A, we now introduce a punctured partial germ in a system of "equivalent presheaves". Suppose X is a family of basic Riemann surfaces that are analytically harmonious with one another andΛ 0 is the analytically harmonious relation. Suppose (X, T;X,T) ∈ X and Y is a traditional Riemann surface. Denote by H(U → Y ) the set of all holomorphic mappings from U to Y , where U is an open set in (X, T). Let H X,Y = (H(U → Y )) U ∈T be the family consisting of all holomorphic mappings from U to Y for all U ∈ T. It is a sheaf of sets from X to Y . Denote by H X,Y the system of all sheaves H X,Y for (X, T;X,T) ∈ X.
Let a 0 ∈X 0 , whereX 0 ∈ X. Denotẽ a := {λ(a 0 ) :λ ∈Λ 0 is an analytically harmonious mapping fromX 0 toX ∈ X}.
which is a disjoint union (we may also use H(T
It is easy to see that this really is an equivalence relation. Denote
which is the set of all equivalence classes and is called the punctured partial stalk of the sheaf system H X,Y atã orλ(a 0 ).
Suppose A is the set consisting of all algebraic punctured partial germs at the base point r 0 onR. Then A is a field. LetÄ 0 denote the set of all original basic algebraic Riemann surfaces with labels overR determined by germs in A. Given a subset S of A, let S be the subfield M r 0 (S) of A generated by S and M r 0 = { f r 0 : f ∈ M(R)}, and then letS 0 be the set of all original basic algebraic Riemann surfaces with labels determined by germs in S. LetΛ andΛ 0 denote the analytically harmonious relation and the directly harmonious relation,
is a basic algebraic Riemann surface that is analytically harmonious withS ∈ L 0 j andσ = (σ,σ) is the analytically harmonious mapping fromS = (φ;Ṡ) toŻ. Thenσ ∈ H(S →Z). Let X = L 0 j and let σ φ denote the punctured partial germ σ φ . We now put label σ φ onŻ and call ( σ φ ;Ż) a basic algebraic Riemann surface with label (or tag) σ φ , denoted byZ. We say σ φ is the (resp. a) given label ofZ (resp.Ż). It is worth noting that ifZ is an original basic algebraic Riemann surface with natural labelφ then the given label ofZ is just id φ , which is uniform with its natural labelφ.
LetÄ denote the set of all basic algebraic Riemann surfaces with labels overR. LetΛ = (Λ,Λ) denote the analytically up-harmonious relation inÄ determined by the direct up-harmonious relationΛ 0 = (Λ 0 ,Λ 0 ) inÄ 0 , which is defined as follows: ForZ 1 ,Z 2 ∈Ä,Z 1 (ζ 1 )˙λ Z 2 (ζ 2 ) (λ ∈Λ) if and only if there existS 1 ,
2 , whereλ is called an analytically up-harmonious mapping. We may also denoteZ 1 (ζ 1 )˙λ Z 2 (ζ 2 ) simply byZ 1λ Z 2 orZ 1 Z 2 . Meanwhile,Z 1λ Z 2 also means that the label λ 2 φ 2 ofZ 2 is mapped to the label λ 1 φ 1 ofZ 1 byλ (λ = (λ,λ)) (φ 1 andφ 2 are the natural labels ofS 1 andS 2 respectively), where we defineλ( μ 2 φ 2 ) := μ 1 φ 1 for holomorphic mappingsμ j :S j →Z j (j = 1, 2),S 1λ 0 S 2 (S 1 andS 2 are original algebraic Riemann surfaces with the natural labels) andμ 1 •λ 0 =λ•μ 2 , which can easily be shown to be well defined. By Proposition 3.5 we know thatΛ is really an analytically up-harmonious relation. IfZ 1λ Z 2 , then we sayZ 2 is overZ 1 or Z 1 is underZ 2 , also denoted byZ 2 Z 1 orZ 1 Z 2 . Here ifλ :Z 2 →Z 1 is not biholomorphic, then we sayZ 2 is strictly overZ 1 orZ 1 is strictly underZ 2 . Iḟ λ :Z 2 →Z 1 is biholomorphic, then we sayZ 2 is equivalent toZ 1 moduloλ (orλ), denotedZ 1λ ↔Z 2 (i.e.Z 2 (ζ 2 ) is harmonious withZ 1 (ζ 1 )). Suppose
ThenZ is the analytically up-harmonious class ofS 0 inÄ. We callZ the algebraic Riemann surface (overR) determined by S andS 0 the original algebraic Riemann surface corresponding toZ, denoted byZ 0 . We call S in the above the natural label set or the natural label field ofZ orZ 0 , denoted by L(Z) or L(Z 0 ).
Remark 7. If S = {φ}, whereφ is an algebraic punctured partial germ at the base point r 0 , then instead of a (traditional) Riemann surface (determined byφ) we consider the analytically up-harmonious classZ determined by S, which has a geographic element the basic Riemann surface that is determined byφ, as our (algebraic) Riemann surface, which we call the (algebraic) Riemann surface determined byφ.
Remark 8. Generally, the above definition means that we consider an algebraic Riemann surface as a system of basic algebraic Riemann surfaces organized by the analytically up-harmonious relation with the aid of labels.
Remark 9. SupposeZ is an algebraic Riemann surfaces over a base surfaceR with base point r 0 . Then we may consider that allẐ, forŻ = (Ẑ,Z) andZ = ( σ φ ;Ż) ∈Z, form a "coordinate system" inZ and allZ together show the topological and complex structure ofZ, where the base point r 0 may be regarded as an "origin of coordinates".
Noticing Remark 5 or Remark 6 we can deduce
SupposeS andS 1 are two original basic algebraic Riemann surfaces over the base surfaceR determined byφ andφ 1 with labelsφ andφ 1 , respectively. Then there is an up-harmonious mappingṗ :S 1 →S, which is defined byp(ψ 1 ) =P (ψ 1 )
, whereḞ andḞ 1 are the original basic functions onS andS 1 respectively andṖ = (P ,P ) (P =P ).
The (directly) up-harmonious mappingṗ :S 1 →S in Lemma 3.6 is said to be corresponding toφ =P (φ 1 ) or determined byP (t). By Proposition 3.5 we see that thisṗ is a holomorphic covering map. We can also see that generally an analytically up-harmonious mappingλ = (λ,λ) :Z 1 →Z (orŻ 1 →Ż) is a holomorphic covering map, which means thatλ :Ẑ 1 →Ẑ is a covering map and λ :Z 1 →Z is a branched holomorphic covering map.
SupposeX andŶ are connected universal topological spaces (i.e. (X,Ť) and (Ŷ ,Ť ′ ) are connected) andp :Ŷ →X is a covering map. The covering is called Galois if for every pair of points y 1 , y 2 ∈Ŷ withp(y 1 ) =p(y 2 ) there exists a deck transformationσ :Ŷ →Ŷ such thatσ(y 1 ) = y 2 . SupposeẊ = (X,X) anḋ Y = (Ŷ ,Ȳ ) are universal topological spaces with tied spaces andṗ :Ẏ →Ẋ is a covering map, which meansp :Ŷ →X is a covering map, whereṗ = (p,p). The coveringṗ :Ẏ →Ẋ is called Galois ifp :Ŷ →X is Galois.
SupposeR is a base surface with base point r 0 ∈R. SupposeỸ is an algebraic Riemann surface overR andΛ is the analytically up-harmonious relation inỸ . ForŸ ∈Ỹ we denote mappingḟ :Ÿ → (Ĉ,Ĉ) (i.e.f :Ŷ →Ĉ andf :Ȳ →Ĉ are mappings) byḟ :Ÿ →Ĉ, called a (complex ) function onŸ . Letḟ 1 :Ÿ 1 →Ĉ andḟ 2 :Ÿ 2 →Ĉ be functions, whereŸ 1 ,Ÿ 2 ∈Ỹ . If there existsλ ∈Λ such thaẗ
, then we say that (ḟ 1 ,Ÿ 1 ) and (ḟ 2 ,Ÿ 2 ) are directly compatible. If there exists a chain of functions (ġ j ,Z j ) (Z j ∈Ỹ , j = 1, . . . , n) such that (ġ 1 ,Z 1 ) = (ḟ 1 ,Ÿ 1 ), (ġ n ,Z n ) = (ḟ 2 ,Ÿ 2 ) and (ġ j ,Z j ) and (ġ j+1 ,Z j+1 ) are directly compatible (j = 1, . . . , n−1), then we say that (ḟ 1 ,Ÿ 1 ) and (ḟ 2 ,Ÿ 2 ) are compatible. It is plain that the compatibility relation is an equivalence relation. We call the equivalence class of (ḟ ,Ÿ ) a (complex ) function onỸ , denotedf orf :Ỹ →Ĉ. We call (ḟ ,Ÿ ) an expression element off , whereḟ is called an expression function andŸ an expression domain. Letf |Ÿ :=ḟ , called a restriction off onŸ . If partial elements off (as a set) are omitted, then we still use it to denote the same function.
For functionsḟ 1 onŸ 1 andḟ 2 onŸ 2 , whereŸ 1 ,Ÿ 2 ∈Ỹ , by the following lemma we know thatḟ 1 andḟ 2 are compatible precisely if there existsŸ 0 ∈Ỹ such thaẗ
Proof. SupposeS j = (φ j ,Ṡ j ) (j = 1, 2) and S 0 = M r 0 (φ 1 ,φ 2 ) (the field generated byφ 1 ,φ 2 and M r 0 ), where r 0 is the base point in the base surfaceR. Then there existsφ 0 ∈ S 0 such that S 0 = M r 0 (φ 0 ). Hence, there exist polynomialsQ Letḟ ∈ M(Ÿ ), whereŸ ∈Ỹ . Then the equivalence classf of (ḟ ,Ÿ ) is called a meromorphic function onỸ . Ifḟ ∈ H(Ÿ ) thenf is called a holomorphic function onỸ . Denote the set of all meromorphic (resp. holomorphic) functions onỸ by M(Ỹ ) (resp. H(Ỹ )). Then M(Ỹ ) is a field and H(Ỹ ) is a ring by means of the operation defined on representatives. M(Ỹ ) is also a vector space over M(Ṙ) under the scalar multiplication thatḣ ·f :=g forḣ ∈ M(Ṙ) andf ∈ M(Ỹ ), wheref is determined byḟ ∈ M(Ÿ ),ṗ :Ÿ →Ṙ is the canonical projection and g ∈ M(Ỹ ) is determined byġ = (ḣ •ṗ) ·ḟ . Moreover, we may consider M(Ṙ) as a subfield of M(Ỹ ) by the monomorphism γ :
SupposeỸ andZ are algebraic Riemann surfaces (over base surfacesR 1 andR 2 , respectively). Letσ j :Ÿ j →Z j be mappings (Ÿ j ∈Ỹ andZ j ∈Z,
) for any y 1 ∈Ŷ 1 ), then we sayσ 2 is exactly overσ 1 orσ 1 is exactly underσ 2 . Ifσ 1 is (resp. exactly) overσ 2 orσ 2 is (resp. exactly) overσ 1 , then we sayσ 1 andσ 2 are directly (resp. directly and exactly) compatible. If in the aboveλ andμ are biholomorphic, i.e.Ÿ 1λ ↔Ÿ 2 andZ 1μ ↔Z 2 , then we sayσ 1 andσ 2 are equivalent, denotedσ 1 ∼σ 2 . This is clearly an equivalence relation.
For a mappingσ :Ÿ →Z we denote its domain dom(σ) :=Ÿ and its codomain codom(σ) :=Z. Supposeσ is a set of some mappings. SupposeỸ andZ are two algebraic Riemann surfaces. If for two mappingsσ 1 andσ 2 , there existsσ 0 ∈σ overσ 1 andσ 2 and, moreover, that dom(σ 2 ) is over (resp. under) dom(σ 1 ) implies thatσ 2 is over (resp. under)σ 1 , then we sayσ 1 andσ 2 are compatible inσ. If any two mappingsσ 1 ,σ 2 ∈σ are compatible inσ then we sayσ is compatible (similarly we have the notion of exact compatibility ofσ). Supposeσ is compatible and satisfies the following two conditions:
(1) There existsσ 0 ∈σ such that for anyŸ ∈Ỹ over dom(σ 0 ) there existsσ ∈σ with dom(σ) ↔Ÿ ; (2) For anyZ ∈Z , there existsσ ′ ∈σ with codom(σ ′ ) overZ.
Then we sayσ is a mapping fromỸ toZ. We call (σ,Ÿ ) an expression element ofσ, whereσ is called an expression mapping andŸ an expression domain. Denote σ|Ÿ :=σ, called the restriction ofσ onŸ . Specially, a functionf :Ỹ →Ĉ is also a mapping. Supposeσ andτ are mappings fromỸ toZ. If everyσ ∈σ over someσ 0 ∈σ is compatible with everyτ ∈τ over someτ 0 ∈τ both inσ andτ , then we saỹ σ andτ are equal, denotedσ map =τ (it is probable that as setsσ andτ are not equal). This is equivalent to that there existsŸ 0 ∈Ỹ such that for everyσ ∈σ with dom(σ) overŸ 0 there existsτ ∈τ such thatτ ∼σ and for everyτ ∈τ with dom(τ ) overŸ 0 there existsσ ∈σ such thatσ ∼τ . In fact, if necessary we may assumeσ contains any mappingσ :Ÿ →Z that is under anyσ 1 Supposeσ :Ỹ →Z is a mapping. If everyσ ∈σ over someσ 0 ∈σ is surjective then we sayσ is surjective. We sayσ is injective if there existsσ 0 ∈σ such that the following conditions are satisfied:
(1) For anyZ ∈Z over codom(σ 0 ), there existsσ ′ ∈σ with codom(σ ′ ) ↔Z;
(2) Forσ 1 ,σ 2 ∈σ overσ 0 , that codom(σ 2 ) is over codom(σ 1 ) implies thatσ 2 is overσ 1 ; (3) Everyσ ∈σ overσ 0 is injective.
We sayσ is bijective if it is both surjective and injective. Supposeσ is a bijection. Letσ 0 ∈σ be the one in the conditions forσ being bijective. Denotẽ Letσ be a mapping fromỸ toZ. If everyσ ∈σ over someσ 0 ∈σ is (resp. essentially) continuous (i.e.σ andσ are (resp. essentially) continuous, wherė σ = (σ,σ)) thenσ is said to be (exactly) (resp. essentially) continuous. Ifσ is bijective and bothσ andσ −1 are (resp. essentially) continuous thenσ is said to be (exactly) (resp. essentially) homeomorphic. If everyσ ∈σ over someσ 0 ∈σ is (resp. essentially) holomorphic thenσ is said to be (exactly) (resp. essentially) holomorphic (analytic). Ifσ is bijective and bothσ andσ −1 are (resp. essentially) holomorphic thenσ is said to be (exactly) (resp. essentially) biholomorphic. In fact, it is sufficient for a (resp. an essential) homeomorphismσ being (resp. essentially) biholomorphic thatσ is (resp. essentially) holomorphic.
SupposeX,Ỹ andZ are algebraic Riemann surfaces. Supposep :Ỹ →X andq :Z →X are (resp. essentially) continuous maps. A mappingσ :Ỹ →Z is called fiber-preserving (overX) ifp map =q •σ. A mappingp :Ỹ →X is called a (or an exact) (resp. an essential ) covering map if it is a surjection and everẏ p ∈p over someṗ 0 ∈p is a (resp. an essential) covering map.
Supposep :Ỹ →X is a (resp. an essential) covering map. We call a fiberpreserving (resp. essential) homeomorphismσ :Ỹ →Ỹ a (or an exact) (resp. an essential ) covering transformation or a (or an exact) (resp. an essential ) deck transformation ofp. Obviously, the set of all deck transformations ofp forms a group under the compsition of mappings, denoted Deck(Ỹp →X) or Deck(Ỹ/X). The (resp. essential) coveringp :Ỹ →X is called Galois if for anyṗ ∈p there iṡ q ∈p overṗ such thatq is Galois. It is easy to see that if the (resp. essential) covering mapp :Ỹ →X is (resp. essentially) holomorphic then the (resp. essential) deck transformationsσ are (resp. essentially) biholomorphic.
SupposeZ andW are algebraic Riemann surfaces over a base surfaceR with base point r 0 andZ W . SupposeZ is determined by a subfield S of A and W ∈W is an original algebraic Riemann surface with natural labelψ. Let
SupposeZ is an original algebraic Riemann surface determined byφ with labelφ. Then the directly upharmonious mappingṗ :Ẅ →Z determined byP (t) (see Lemma 3.6) is maximal, which means if there exists an analytically up-harmonious mappingq :Ẅ →Z Remark 12. If the concerned algebraic Riemann surfaces have holographic elements, then we may define the mappings between them by means of the holographic elements. In general, we may replace these algebraic Riemann surfaces by their holographic elements, respectively. √ z, we may calculate " ω 1 ( 
Algebraic Riemann surfaces and the Galois correspondence
LetR be a base surface (a basic Riemann surface withR = R) with base point r 0 ∈R. SupposeX andỸ are algebraic Riemann Surfaces overR andỸ is overX. Suppose the natural covering mapπ :Ỹ →X is Galois (then we saỹ Y is Galois overX orỸ /X is Galois). In this section Deck(Ỹ/X) always means Deck(Ỹπ →X). SupposeZ is an algebraic Riemann Surface satisfyingX Z Ỹ , which we call an intermediate We define a topology on D similar to the Krull topology on a Galois group as follows: 
is a bijection, which gives an inclusion reversing correspondence and whose inverse mapping is Γ given in (4.10) below. Moreover, letting E = ∆(Z), we have
(1) The following statements are equivalent:
On this condition it is true that [D : E] = [Z :X].
(2)Z is Galois overX if and only if E is normal in D. On this condition, there is a group isomorphism Deck(Z/X) ∼ = D/E, which is also a homeomorphism as the quotient group D/E is given the quotient topology.
In order to obtain Theorem 4.1, we give some preliminary results. SupposeỸ is an algebraic Riemann surface over a base surfaceR with base point r 0 andỸ 0 is the corresponding original algebraic Riemann surface. Supposẽ f ∈ M(Ỹ ). Then there existsS 1 = (φ 1 ;Ṡ 1 ) ∈Ỹ 0 with the original basic functioṅ F 1 and a polynomialṖ 1 (t) = (P 1 (t),
by Lemma 3.4. If there exists anotherS 2 = (φ 2 ;Ṡ 2 ) ∈Ỹ 0 with the original basic functionḞ 2 and a polynomialṖ 2 (t) = (P 2 (t),P 2 (t)) ∈ M(Ṙ)[t] such thatf |S 2 = P 2 (Ḟ 2 ), then by Lemma 3.7 we can take a common coveringS 0 = (φ 0 ;Ṡ 0 ) ∈Ỹ 0 ofS 1 andS 2 withS 1q
by Lemma 3.6, whereḞ 0 is the original basic function onS 0 . Hencẽ
i.e.P 1 (φ 1 ) =P 2 (φ 2 ). So we can give the following definition: We call a (resp. the original) basic algebraic Riemann surface determined byP 1 (φ 1 ) with label (resp. with natural labelP 1 (φ 1 )) a (resp. the original ) basic domain off . For the basic domain off , the label means that corresponding to the natural labelP 1 (φ 1 ). We denote the original basic domain off by obdom(f ). We call the (resp. original) level surface determined byP 1 (φ 1 ) (i.e. containing obdom(f )) the (resp. original ) level domain, denoted by L(f ) (resp. L 0 (f )). We call the (resp. original) algebraic Riemann surface determined byP 1 (φ 1 ) the (resp. original ) natural domain off , denoted by Ndom(f ) (resp. oNdom(f )).
By the reasoning and the definition in the above and Lemma 3.6, we can deduce Lemma 4.2. SupposeỸ is an algebraic Riemann surface andf ∈ M(Ỹ ). Then Ndom(f ) Ỹ and every element in L(f ), i.e. every basic domain off , is a holographic element of Ndom(f ). ForS ∈Ỹ 0 and the original basic functionḞ onS we have obdom(F ) =S, whereF ∈ M(Ỹ ) is determined byḞ . IfS = (φ;Ṡ) = obdom(f ),S 1 = (φ 1 ;Ṡ 1 ) ∈Ỹ 0 is an expression domain off andḞ 1 is the original basic function onS 1 , thenS is an expression domain off andḞ :=f |S is the original basic function onS, and there exists a directly up-harmonious mappinġ π 1 :S 1 →S (i.e.S˙π 1 S 1 ) and a polynomialṖ 1 (t) = (P 1 (t),
SupposeỸ is an algebraic Riemann surface over the base surfaceR. We will consider algebraic Riemann surfaces underỸ . SupposeZ Ỹ . Let
If there is no confusion, we will write M(Z) instead of MỸ (Z). Actually, we may consider M(Z) in the usual sense as MỸ (Z). 
is a partial order preserving bijection, whose inverse mapping is R given in (4.1) below.
We see that R(L) ∈ Int(Ỹ/X), since it is determined by L(L) := {φ ∈ A :φ is the natural label of obdom(f ) forf ∈ L}, which is an intermediate field of L(Ỹ )/L(X) (L(X) and L(Ỹ ) are the natural label fields ofX andỸ respectively) by Lemma 4.2. It is easy to see that the mapping
is the inverse of M by Lemma 4.2. The preserving of partial order by M is obvious. For the n-sheeted natural covering mapπ :Z →Ẍ, suppose B is the set of branch points ofπ :Z →X (π = (π,π)) and U ⊆X \ B (Ẋ = (X,X)) is a non-empty open set such thatπ
We consider the polynomial
. . ,ḟ n ) (s j denotes the j-th elementary symmetric function in n variables, j = 1, . . . , n). Similarly to [10, §8.1, §8.2 and §8.3] we can deduce thatQḞ (t) is just the minimal polynomialṖ 0 (t) ofḞ overπ * (N 0 ). So we get
where degṖ 0 denotes the degree ofṖ 0 (t). 
In the following we will write "=" instead of " map = " for the equality of mappings on algebraic Riemann surfaces.
wheref ∈ M. Then Gσ ∈ Gal(M/L) and the mapping
is a group isomorphism. Moreover,W/Z is Galois if and only if M/L is Galois.
, wherẽ π :W →Z is the natural covering map. Forσ,τ ∈ Deck(W/Z) we have ↔Ẅ 1 (sinceμ andσ are biholomorphic) anḋ σ ∼ idS. Therefore,σ = idW and then G is injective.
(ii) Now we show that G is surjective. Suppose α ∈ Gal(M/L). Supposë S = (φ;Ṡ) ∈W 0 andḞ is the original basic function onS. LetF ∈ M be determined byḞ .
is the minimal polynomial ofḞ over M(Ṙ), there exists a base-preserving biholomorphic mappingσ =σ(α,S) :S →S ′ such thaṫ 
GivenS
′ ∈W 0 , supposeḞ ′ is the original basic function onS ′ andF ′ ∈ M is determined byḞ ′ , i.e.F ′ |S′ =Ḟ ′ . LetF = α −1 (F ′ ),S = obdom(F ) anḋ F =F |S. Then similarly to the above we can deduce that there is a unique mappingσ(α,S) :S →S ′ inσ (satisfying (4.5)) corresponding toS ′ and α. Moreover, we can deduce thatσ(α −1 ,S ′ ) :S ′ →S is just the inverse ofσ(α,S).
Remark 15. In the above definition ofσ, we may assume the expression domainS We deduceσ 0 =λ −1 •σ, i.e.σ 0 ∼σ, sinceḞ is the original basic function onS. Similarly,S ′ may also be replaced by anotherS Therefore,σ 1 andσ 2 are directly compatible. In fact,σ 1 andσ 2 are exactly and directly compatible since from (4.9) we can deduce (ṗ ′ ) −1 •σ 1 =σ 2 •ṗ −1 (see Remark 10) . By the reasoning above we can see thatσ is compatible and satisfies the two conditions of a mapping. Henceσ is a mapping fromW toW . We can also see that if codom(σ 2 ) is over codom(σ 1 ) thenσ 2 is exactly overσ 1 . Therefore, it is easy to know thatσ is a biholomorphic transformation onW . Forf ∈ M, by (4.5) we have Gσ(f ) =f •σ −1 = (f |S •σ −1 ) ∼ = (α(f )|S′) ∼ = α(f ), whereS = obdom(f ),σ =σ(α,S) ∈σ,S ′ = obdom(α(f )) and (ġ) ∼ denotesg = γ(ġ), which is determined byġ.
Supposeπ :W →Z is the natural covering map andπ ∈π is the natural covering map fromẄ ∈W 0 toZ ∈Z 0 (thusZ ∈W 0 ). In the above reasoning, letS 1 =Z andS 2 =Ẅ . Since α| L = id L , lettingF 1 ∈ L be determined by the original basic functionḞ 1 onS 1 , then α(F 1 ) =F 1 andS SupposeX andỸ are algebraic Riemann surfaces andỸ is Galois overX. SupposeZ ∈ Int(Ỹ/X) andσ :Ỹ →Ỹ ′ is a mapping, whereỸ ′ is some algebraic Riemann surface. Defineσ |Z := {σ|Z :Z ∈Z}.
Ifσ|Z :Z →Z ′ is still a mapping, whereZ ′ is some algebraic Riemann surface underỸ ′ , then we callσ|Z a restriction ofσ toZ. By Lemma 4.5 and [21, Theorem 3.28] and by the reasoning in part (ii) of the proof of Lemma 4.5 we deduce Lemma 4.6. SupposeỸ is Galois overX andZ ∈ Int(Ỹ/X). IfZ/X is Galois andσ ∈ Deck(Ỹ/X), thenσ|Z ∈ Deck(Z/X) and forτ ∈ Deck(Z/X) there is ã σ ∈ Deck(Ỹ/X) withσ|Z =τ .
We assume G = Gal(M(Ỹ )/M(X)) possesses the Krull topology (see [21, Definition 17.5] ). Recall that D = Deck(Ỹ/X) has been given a similar topological structure in the beginning of this section. By Lemma 4.5 we see Thus E is closed precisely if E = Deck(Ỹ/Γ(E)). is a bijection, which gives an inclusion reversing correspondence and whose inverse mapping is Γ given in (4.10). Moreover, if E = ∆(Z) then 
